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Abstract

GANTNER, V., S. JOVANOVAC, N. RAGUZ, D. SOLIC and K. KUTEROVAC, 2010. Nonlinear vs.
linear regression models in lactation curve prediction. Bulg. J. Agric. Sci., 16: 794-800

The research objective was to contrast nonlinear (Wood’s) and linear (Wilmink’s, Ali-Schaeffer’s and Guo-
Swalve’s) regression models in terms of lactation curve prediction fit. Total of 304,569 daily yield records auto-
matically recorded on a 1,136 first lactation Holstein cows from March 2003 till August 2008 were included in
analysis. According to the test date, the age at first calving and to the average milk yield in first 40 lactation days,
eight age – measuring season – production subgroups were formed. The parameters of analysed nonlinear and
linear models were estimated for each defined subgroup. As models evaluation measures, adjusted coefficient of
determination, root mean square error, and average and standard deviation of error, were used. Considering
obtained results, in terms of total variance explanation the nonlinear Wood’s model showed superiority above the
linear ones. Regarding the evaluation measures based on prediction error amount, any notable difference was not
determined between analysed regression models. Application of estimated regression parameters, as well as
application of artificial neural network (ANN) in predicting dairy cow’s lactation yield on independent dataset,
and comparation to method used by the official milk recording system is necessary before making final decision
about selection of model with best predictive capabilities of lactation yield in terms of easily practice application.
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Introduction

The efficient dairy production depends in a great
scale on proper decisions made at different produc-
tion stages. Numerous genetic and environmental fac-
tors that influence animals performance could com-
plicate decisions making, therefore, some toolkit for
facilitation of breeding and management decisions on

dairy farm is required. A lactation curves, that is math-
ematical formulas that describe flow of milk yield dur-
ing a lactation, could be used for production monitor-
ing. The shape of the curve provides the breeders with
some valuable information. For instance, cows with a
very high peak yield are unable to take the sufficient
amount of nutritional substances during the first stage
of lactation, which could probably induce negative
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energy balance, reduced reproduction rates, as well
as increased susceptibility to diseases (Jakobsen et
al., 2002; Swalve, 2000).

Conversely, cows with a flat lactation curve are
more resistant to metabolic stress during the first lac-
tation phase and have their energy demands more
balanced, which in turn reduces feeding costs (Dekkers
et al., 1998). Knowledge of the lactation curve al-
lows prediction of total milk yield from a single or
several test days early in lactation. With such knowl-
edge, a dairy producer can make management deci-
sions early based on individual production. Predicted
milk yield may also facilitate breeding decisions, e.g.,
selection, culling.

There are various mathematical models that could
be used in describing lactation curves in dairy cows,
for instance Wood’s (1967) incomplete gamma func-
tion; parametric curves such as the Wilmink curve
(Wilmink, 1987), the Ali-Schaeffer curve (Ali and
Schaeffer, 1987), and the Guo-Swalve curve (Guo
and Swalve, 1995); orthogonal polynomials (Olori et
al., 1999); as well as natural cubic splines (White et
al., 1999).

The aim of this research was to contrast nonlinear
(Wood’s) and linear (Wilmink’s, Ali-Schaeffer’s and
Guo-Swalve’s) regression models in terms of lacta-
tion curve prediction fit.

Material and Methods

Datasets
The investigation was carried out on a Holstein dairy

farm from March 2003 till August 2008. The Strangko
milking equipment installed in the barn and linked to a
computer system was used for automatic data record-
ing. The cows were milked twice a day, in the morn-
ing and in the evening, meaning that the daily records
were equal to the sum of partial ones. Total of 304,569
daily yield records of 1,136 first lactation cows were
included in analysis. Yields lower than 3 kg and higher
than 50 kg of milk per day were treated as extreme
values and deleted from the dataset. The yields re-
corded after the 400th day in milk were also deleted.

According to the test date, two measuring season

subgroups were created (S1 – autumn / winter – in-
cluding the period from October till March; and S2 –
spring / summer – including the period from April till
September). Cows were divided in two age subgroups
regarding the age at first calving (A1 and A2 that in-
clude animals first calved at age ≤  27 and > 27
months), and two production subgroups regarding the
average yield in first 40 lactation days (P1 and P2 which
include animals that produce ≤  24 and > 24 kg per
day). In creating the production subgroups, minimum
of 20 day records in first 40 days of lactation was
required. Based on above defined subgroups, eight
groups (age – measuring season – production) were
formed. Lactation was subdivided into eleven peri-
ods: (1) ≤  30 days in milk, (2) > 30, ≤  60 days in
milk, . . ., (11) > 300 days in milk.

In order to detect outliers, nonlinear and linear re-
gressions models were fitted to each age – measuring
season – production subgroup. Residuals over three
standard deviations were taken as outliers and de-
leted from the dataset. Finally, dataset appropriate for
analysis contained 266,746 daily yield records from
969 first lactation cows.

Description of analysed data is presented in Table
1.

In the incomplete gamma function proposed by
Wood (1967), y represents the average daily milk yield
during given time t, t the time expressed in days, a the
parameter related to the peak lactation, b the param-
eter related to the ascending part of the curve be-
tween calving and peak lactation, c is the parameter
related to the descending part of the curve following
the peak lactation. Respecting the fact that a nonlin-
ear regression does not guarantee convergence, natural
logarithms were taken of both sides of the equation.

Since the parameters of Wood’s models were
highly correlated, the Levenberg-Marquardt method
was chosen for estimation using the SAS package
NLIN procedure (SAS/STAT, 2002-2003). For ev-
ery defined subgroup, set of parameters were esti-
mated. According to Wilmink (1987), the parameters
a, b, and c are associated with the level of produc-
tion, the increase of production before the peak, and
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with the subsequent decrease, respectively. In the
polynomal regressions by Ali and Schaeffer (1987)
as well as by Guo and Swalve (1995), a is a param-
eter associated with the peak yield, d and f are pa-
rameters associated with increasing slope, while b and
c are parameters associated with decreasing slope.
In all linear models, yi is the daily milk yield in kg,
while t is stage of lactation in days. The parameters of
linear models that are Wilmink’s, Ali-Schaeffer’s and
Guo-Swalve’s model were estimated for every de-
fined age – measuring season – production subgroup
using the SAS package GLM procedure (SAS/STAT,
2002-2003).

Evaluation measures used for evaluation the ap-
plied regression models were:

- Adjusted coefficient of determination, R2
adj, which

impart the percentage of the variance of daily yields
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explained by the model:
where:
- MSE – the model error variance,
- MST – the total model variance.
- Root mean square error, RMSE, giving the stan-

dard deviation of the amount by which the actual val-
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ues differs from the quantity to be predicted:
where:
- n – the number of observations,
- yi – the actual values,
- w – the regression model predicted values.
- Average and standard deviation of error,

eavg±eSD, which measure the error in absolute terms
(Guo and Swalve, 1995).

Results

The evaluation measures (R2
adj, RMSE) of applied

regression models regarding the defined subgroups
are presented in Table 2. The adjusted coefficients of
determination (R2

adj) for Wood’s model ranged from
0.952 till 0.972 depending of the age – measuring
season – production subgroup. When linear regres-
sion models were applied, determined R2

adj were con-
siderably lower, particularly in Wilmink’s model where
only 21% till 47% of total variability, according to the
subgroup, was explained by the used model. Slightly
higher amount of variability explained was provided
by the application of the Ali-Schaeffer’s as well as by
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Subgroup N of 
records

yavg±ySD ymin, ymax y0 ym tavg±tSD

A1 – P1 – S1 40332 19.03±4.97 3.00, 50.00 12.56 29.29 167.80±89.21
A1 – P1 – S2 40064 20.00±4.96 3.00, 50.00 12.50 29.54 154.66±105.72
A1 – P2 – S1 38238 22.95±5.90 3.00, 49.90 16.83 35.74 169.61±84.85
A1 – P2 – S2 36868 23.07±5.89 3.00, 50.00 16.87 36.02 165.62±117.60
A2 – P1 – S1 24853 19.03±5.17 3.00, 49.30 12.90 29.26 171.86±87.29
A2 – P1 – S2 22715 19.94±5.06 3.00, 48.70 13.01 29.49 154.89±109.95
A2 – P2 – S1 32278 21.95±5.70 3.00, 50.00 17.84 35.78 176.30±83.52
A2 – P2 – S2 31398 23.97±5.91 3.00, 50.00 17.79 35.91 148.00±111.53

t – days in lactation

Table 1 
Dataset used for regression parameters estimation

y – milk yield (kg/day); 
y0 – average minimum and ym – average maximum daily yield in first 40 days of lactation;



the Guo-Swalve’s model. Regarding the root mean
square error (RMSE), values slightly above 4 kg were
noticed for all used models.

Predictive capabilities of applied models were
evaluated using absolute measures of prediction error
(Table 3). In the current study predicted values over-
estimated and underestimated actual ones in average
around 0.5 kg/day. The amount of error standard
deviation varied in interval from 3.83 till 4.51 kg/day
regarding the production level (P1, P2) and stage of
lactation (L1, L2, ..., L11). Besides observed variation

in fit of the tested models among production level
groups, and lactation stage groups, variation between
animals was determined. Regarding the determined
value of absolute prediction error any notable differ-
ence could be emphasis between analysed regression
models.

Discussion

The adjusted coefficient of determination (R2
adj,

which impart the percentage of the variance of daily
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P1 P2 P1 P2 P1 P2 P1 P2

≤ 30 -0.28±3.92 -0.23±3.94 -0.06±3.92 0.08±3.91 -0.15±3.92 -0.15±3.85 -0.07±3.92 0.12±3.85
30, 60 0.43±3.84 0.82±4.02 0.20±3.83 0.79±4.02 0.24±3.84 0.39±4.01 0.10±3.83 0.41±4.02
60, 90 0.24±4.08 0.11±4.12 0.13±4.07 0.09±4.12 0.08±4.07 -0.03±4.11 0.07±4.07 -0.18±4.11
90, 120 -0.05±4.30 -0.30±4.20 -0.00±4.30 -0.27±4.21 -0.13±4.29 -0.23±4.18 -0.04±4.29 -0.34±4.19
120, 150 -0.25±4.40 -0.44±4.26 -0.14±4.40 -0.42±4.26 -0.22±4.39 -0.25±4.25 -0.14±4.40 -0.31±4.24
150, 180 -0.25±4.38 -0.23±4.37 -0.14±4.38 -0.25±4.38 -0.11±4.38 0.02±4.36 -0.09±4.38 -0.03±4.35
180, 210 -0.10±4.24 -0.21±4.37 -0.04±4.25 -0.31±4.37 0.10±4.23 0.07±4.36 0.07±4.23 0.05±4.36
210, 240 0.05±4.22 -0.09±4.40 0.06±4.22 -0.23±4.41 0.26±4.20 0.17±4.41 0.21±4.21 0.22±4.42
240, 270 -0.14±4.19 -0.09±4.51 -0.18±4.20 -0.23±4.51 0.01±4.19 0.08±4.50 -0.04±4.19 0.16±4.51
270, 300 -0.15±4.12 -0.00±4.50 -0.24±4.12 -0.11±4.50 -0.14±4.11 -0.00±4.50 -0.16±4.10 -0.00±4.49
> 300 0.38±4.10 0.51±4.44 0.27±4.11 0.58±4.45 -0.01±4.07 -0.06±4.41 0.03±4.06 -0.06±4.43

Table 3 
Prediction errors (eavg±eSD) of applied regression models in regard to production level (P1, P2) 
and lactation stage (L1, L2, ..., L11)

Guo-SwalveLactation 
stage, days

Wood Wilmink Ali-Schaeffer

R2
adj RMSE R2

adj RMSE R2
adj RMSE R2

adj RMSE

A1 – P1 – S1 0.955 4.130 0.210 4.130 0.211 4.126 0.212 4.122
A1 – P1 – S2 0.960 4.082 0.240 4.074 0.242 4.068 0.242 4.067
A1 – P2 – S1 0.964 4.504 0.353 4.509 0.355 4.503 0.355 4.500
A1 – P2 – S2 0.968 4.246 0.430 4.242 0.442 4.199 0.439 4.212
A2 – P1 – S1 0.952 4.303 0.237 4.299 0.249 4.269 0.250 4.234
A2 – P1 – S2 0.956 4.277 0.220 4.268 0.219 4.268 0.224 4.253
A2 – P2 – S1 0.965 4.266 0.387 4.283 0.396 4.249 0.397 4.248
A2 – P2 – S2 0.972 4.117 0.471 4.110 0.481 4.070 0.480 4.075

Table 2 
Adjusted coefficients of determination (R2

adj) and root mean square error (RMSE) of applied 
regression models in regard to defined subgroups

Guo-Swalve
Subgroup

Wood Wilmink Ali-Schaeffer



yields explained by the model) as well as the root mean
square error (RMSE, giving the standard deviation of
the amount by which the actual values differs from the
quantity to be predicted) were used as evaluation
measures for evaluation of the applied regression
models. Obtained results in this study indicate, in terms
of total variance explanation, prominence of nonlin-
ear Wood’s model above linear ones for models based
on daily yields.

Wood (1967), in study of algebraic model of the
lactation curve in cattle, obtained R2

adj in amount of
0.79 for models based on monthly yields. Freeze and
Richards (1992) in research of lactation curve esti-
mation determined R2

adj = 0.51 in heifers. Jamrozik et
al. (1997) observed that goodness of models fit slightly
increases with the number of model parameters. Olori
et al. (1999) in their research of fit of standard lacta-
tion curve models to weekly records obtained R2

adj =
0.94. Same authors emphasize that R2 higher than 0.70
indicates a goodness of fitness, whereas values lower
than 0.4 disqualify the model. The R2

adj values in in-
terval from 0.316 till 0.602 regarding the genotype-
age-calving season subgroups for first lactating cows
were determined in study of predictive capabilities of
Wood’s lactation curve and artificial neural networks
(ANNs) by Grzesiak et al. (2006). The R2

adj for ANNs
obtained in the same study in amount of 0.77 indicate
its enhanced applicability in regard to Wood’s model.
Lower value of root mean square error (RMSE), com-
paring to those determined in this research, in total
amount of 3.63 kg for Wood’s model of daily cows
yield was observed by Farhangfar et al. (2000).
Grzesiak et al. (2006) determined RMSE for regres-
sion model in amount of 3.25; 4.08; and 3.93 kg in
first; second and third lactation, respectively. Same
authors estimated lower value of the root mean square
error (RMSE = 3.04 kg) for ANN showing its better
quality compared to regression.

Predictive capabilities of applied models were
evaluated using absolute measures of prediction error
(average and standard deviation of error). Lower val-
ues of models prediction error (eavg±eSD) indicate more
accurate predictions. Besides observed variation in
fit of the tested models among production level groups,

and lactation stage groups, in this research also varia-
tions between animals were determined. The varia-
tion in fit among cows within the same age – measur-
ing season – production subgroup suggests that the
suitability of the models considered depends not only
on the mathematical form of the function, but also on
individual trends in daily milk yield, which vary among
cows and among lactations of the same animal.

Regarding the determined value of absolute pre-
diction error any notable difference could be empha-
sis between analysed regression models. Grossman
and Koops (1988) and Sherchand et al. (1995) no-
ticed that application of Wood’s curve results in an
acceptable fit to milk yield data, with tendency of over-
prediction during early and late lactation and under-
prediction during midlactation. Similarly to this re-
search, Olori et al. (1999) analyzed data from a uni-
form group of cows from the same herd and con-
cluded that the variation in fit was almost entirely among
cows rather than between their tested models. Tekerli
et al. (2000) emphase that lactation curve traits are
also affected by environmental variables such DIM at
first test day, calving age, calving year, calving sea-
son, parity, and pregnancy status. Macciotta et al.
(2005) concluded that the availability of test day
records before the peak yield is crucial for correct
prediction of lactation curve shape.

Silvestre et al. (2006) in research of mathematical
function accuracy in modelling lactation curves using
daily data determined average prediction error in
amount of 0.0 for all compared models (Wood,
Wilmink, Ali-Schaeffer, cubic splines and 3 Legendre
polynomials). Use of 4-weekly data by lactation in-
stead of daily data resulted in average prediction er-
rors similar to ones obtained in this research indicat-
ing that model’s prediction accuracy is highly affected
by the reduction of the sample dimension.

Currently in Croatia there is a need for reduction
of costs correlated with milk recording. From the other
side, some facilitation toolkit, which will enable accu-
rate and early lactation curve prediction, for breeding
and management purpose on dairy farm are neces-
sary. This situation implicate necessity of proper pre-
diction method election. Respecting the artificial neu-
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ral network (ANN) capablity of parallel data pro-
cessing; processing of fuzzy, incomplete, or even in-
consistent information; ability to adapt, self-organize,
and to learn, which substitutes programming; further
research with aim of ANN application in rutine solv-
ing of various problems that dairy breeders encounter
in their day-to-day activity.

Conclusions

Considering obtained results, in terms of total vari-
ance explanation (Adjusted coefficient of determina-
tion, R2

adj), the nonlinear Wood’s model showed su-
periority above the linear ones (Wilmink’s, Ali-
Schaeffer’s and Guo-Swalve’s model). Regarding the
evaluation measures based on prediction error amount
(Root mean square error, RMSE; Average and stan-
dard deviation of error, eavg±eSD), any notable differ-
ence was not determined between analysed regres-
sion models. Application of estimated regression pa-
rameters, as well as application of artificial neural net-
work (ANN) in predicting dairy cow’s lactation yield
on independent dataset, and comparation to method
used by the official milk recording system is neces-
sary before making final decision about selection of
model with best predictive capabilities of lactation yield
in terms of easily practice application.
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